1 1 Three Dimensional Geometry

( Fastracl« Revision )

» If a line makes angles «, B, y from the coordinate axes
respectively, thenits direction cosines [, m, n are as follows:
l=cosa, m=cosp, N=CoSy
» For the line joining the points(x;, .2 )and (xz,V2,2):
1. Directionratlos=x; — Xy, ¥, - ¥4, % —

Xo =X Yo=Yy Z =2
2. Direction cosines ==2—1 2221 =2
AB AB AB

where, A3=\j(xz -+ (V2= nF+(z-5)

» If the direction ratlos of a line are a, b and ¢, then its

direction cosines are:
a b C

=% ,m=% ,n==%
Jaz+b2+c2 \’az+b2+c2 wlaer:’J;"+c2

Angle between Two Lines
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> I the diection cosies of two lines are b, my 1 and
| %é{&;ﬁgt:oer:n Ehl::angle 0 between them is given by the
| 1. Lines will be p::;::d!i::&l:rf?; :bbin;:?mz Syt
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2. Lines will be parallel, if b =—l=—
L om n

» If the direction ratios of two lines are g, 5, q and g;, b, G,
then the angle 6 between them s glven by the following
formula:

c059=| a@; +bhb + 6o
Wit b +cf) (e + 5 + )
1. Lines will be perpendicular, if g,a, + bb, + ¢, =0.

2. Lines will be parallel, if £L=£|-= 3
& b g

» Area of Triangle: If the vertices of a triangle are
A(X1,%1,2),B(X2,¥2,2)and C(x3,y3,23), then

Area of AABC= ,ﬂAZX + A?'y s &

1.lh 4 1 X oa 1
where,A)r:Eyz Z 1’Ay=5 X, Z 1
yi a1 X3 7 1
1 uon o1
and AZEE Xz yz 1
X3 Y3 1

Vector Equation of a Line
-3
» Equation of a line passing through point a and parallel to
e
vector b:

wp =y

—-r =) -3 - =
rma+tb or rxb=axb

» Equation of a line passing through the point a and

- -
perpendIcular to two non-parallel vectors ¢ and d is:
- = =y =» - = = - = -
r=a+t(cxd) or rx(cxd)=ax(cxd)
Cartesian Equation of a Line
» Equation of a line passing through polint (x;,y;,2) whose
directlon ratlos are g, b, c:
X=% _Y-h_2z-3
a b ¢
Angle between Two Lines in Vector Form
» Let vector equablons of two lines are

—r‘)=;;1)+ tB:and ?u.:é;+ tb;

If 8be the angle between the lines, then

> ad

-» =3

» Lines will be perpendicular, ifby-b; =0

» Lineswilllbe parallel, ift;; =k Bz,where kisascalarquantity.

Collinearity of Three Given Points
» Three DOIntS (x1lyllz1)l (Xz.yz,zz) and (X3,y3'23) are
collinear, if3=% _Ya=h _5H-4
X2=X Y20 Z-3

-3 = =)

» When three points A, B, C with position vectors a,b,c
respectlively are collinear If and only if there exists scalars
iy 3 sy
H1,Hz,13 not all zero, such that pya+p, b+pyc =0 and
Hq+Hz +H3=0.
Shortest Distance (SD) between Two Skew-lines
» Two lines in space which are neither parallel nor

intersecting Is sald to be skew lines.
» Vector Form

> . 4 =»

« “p )
refn+Au and rep+pv

(fh=1)-(Ux V)

SD=

wp  wd
[uxv|
wp ey -y wd
IF[(p=1) - (uxv)]=0,then lines will Intersect.
» Cartaesian Form
s W et
a b G

XX Y2 V2 _Z722 (s given by:

a; b, G

Shortest distance between the lines g

and
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SD=

-
IF| q
a,

Vb6 =56 Y +(60; —6a, ) +(ab, —a,b)
X Ya-0h H-34
b g |=0then lines will intersect.

b, G

Distance between Parallel Lines

- -D -3 ' -2 -3
pIfr=n+Auandr =r, + pu are two parallel lines,

then

g luxm=n)

lul

& Practice Exercise

‘I Multiple Choice Questions

Q1

Q2

Qa.

Q4.

Q6.

Q6.

Q7.

Qe.

If a line makes angles of 90°, 135° and 45° with
the X,Y and Z-axes respectively, then its

direction cosines are: (CBSE 2023)
1 1 1 1
a.0 -——, — b.—=—=. 0 —=
N2 A2 22
1 1 1 1
Co—p, 0, === 0 sy
N2 2 N2 2

Pis a point on the line segment joining the points
(3, 2,-1) and (6, 2, -2). If x-coordinate of P is 5,

then its y-coordinate is: (NCERT EXENMPLAR)
a.z2 b. 1
c.-1 d. -2

- ; : 1 1 1
If the direction cosines of a line are <?. e 2n >,
then (CBSE SQP 2023-24)
a.0<c<l b.c>2
C.C=%+2 dc=+3
Distance of the point (p, g, r)from Y-axis is:

(CBSE 2023)

a.q b.Iql clgl+lrl  dyp?+r?

Find the direction cosines of the line joining the
points A(0,7,10)and B(-1, 6, 6).

-1 =1 2 1 1 4
: i ; b. i i
8 332 QE ﬂz 332 332 332
lﬂi d. Nane of these
3.3 3

If P(2, 3, 4), 0(=1,-2,1) and R(5, 8, 7) are three
points, then:

a. dlrectlon ratlos of PQ and QR are not In proportion
b. P, Q, R lie on the same line

c. P, Q, R do not lle on the same line

d. None of the above

The point (x, y, 0) on the xy-plane divides the
line segment joining the points (1, 2, 3) and (3, 2, 1)
in the ratio: (CBSE 2023)
a.1: 2 internally b. 2: 1internally

c. 3 1internally d. 3. 1externally

The equation of a line passing through the point
(-3, 2, - 4) and equally inclined to the axes are:

Q9.

Q10.

Q1

Q12.

Q1.

Q14.

a.x-3=y+2=z-4
r:x+3_y—2_2+4
il T T

b.x+3=y-2=z+4
d. None of these

If vector equation of the line T- =

is ?:(2?+§,i-i]+l[2?—;)}+pﬁ], then p is
equal to:

a.0 b. 1 €2 d:3

Vector equation of the line 6x -3=3y +4=22-2
is:

an ,-\ 1\ A A I\ A
a.r=i-j+k+r(6i+j+k)

4 P A A N A A
b.r=6i+3|+2k+r(31+4]|-2k)

d. None of the above
x=2_Y -3 4=z
1 1 k
are mutually perpendicular, if

The lines and

x—1=y—4_z—5
k 2 -2

the value of g is:

a.ug- b.Z

3 3

(CBSE2020)
-2 d.2

x=1_y=2 z=3

2 3
x=2_y-3_z-1 intersect at a point, then the

and

If the straight Llines

3 =5
integer k is equal to:
a.-h b.5
C 2 d. None of these

The lines r=i+]j-k+A(21+3]-6k) and
_r,=2fi\-fj}-i\(+u(6?+9fj\-18ﬁ);(wherek&pare
(CBSE SQP 2023-24)

b. skew
d. parallel

scalars) are:
a. colncident
C.intersecting

The line of shortest distance between two
skew-lines is: (COSE 2020)
a. parallel to both the lines

b. perpendicular to both the lines

c. colnclde with both the lines

d. None of the above
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Q 16.

Q16.

Q1.

Q18.

Q19.

0 20.

Q21

022

The equation of straight line passing through the
point (a,b,c) and parallel to Z-axis is:
x-a y=-b z-c Xx-0 y=-b z-c

1 T @ o0 1
x-a _y-b z-c x-a _y-b z-c

1 0 0O "0 0 1
The angle between a line whose direction ratios
are in the ratio 2 : 2 : 1 and a line joining (3, 1, 4)
to (7, 2,12),is:
a.cos™ (2/3)
c. tan™ (2/3)

The acute angle between the lines
r=@i-])+s@i+]-3k)

d.

b. cos™ (- 2/3)
d. None of these

and ¥ =(i-] +2k)+t (i -3 +2K)is:

a.E o C.Z—K dX

3 3 6
The angle between the lines 2x =3y =-z and
6x =-y=-4zis: (CBSE 2023)
a.o° b:.30°
C. 45° d. 90"

Equation of a line passing through (1, 2, -3) and
x=2 ‘“y+1—z_1i5‘

parallel to the line 0 2

" X=1 y-2 Z+3 b x-2 y+1 z-1
1 3 4 T2 =8
C_X-1=y-3=2-4 d. None of these

1 2 -3

If the line joining (2, 3, -1) and (3, 5, -3) is
perpendicular to the line joining (1, 2, 3) and
(3,5, A),then A=
a.-3 b.2 ¢ 5 d.7
The shortest distance between the lines x =y =z
and x =1-y =Zs:

¥ 0

1 1 1

1
o b. . d
%3 EZ 7 3

—y —r =»
The distance between lines r=a, +tb and

b =r =

r=a,+sbis:
a.|(ay -a7) xb| pAogeay)xhl ‘i‘)"b'
bl
. |(3-3:a.1’)7:‘ bl " |(§3 -_ei,) <]
|E|2—E|]| laz —a',i‘H:”

) Assertion & Reason Type Questions

Directions (Q. Nos. 23-29): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only one s
correct. The cholces are:

Q2a.

Q 24.

Q 26.

Q 26.

Q27.

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation for
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the carrect explanation of
Assertion (A)

c. Assertion (A) is true but Reason (R) Is false

d. Assertion (A) is false but Reason (R) is true

Assertion (A): The points (1, 2, 3), (-2, 3, 4) and

(7, 0, 1) are collinear.

Reason (R):If a line makes angles 125 ,-i—nand -Ewith

X,Y and Z-axes respectively, then its direction

; 0 -1 d 1
cosines are 0,— and —.
V2

N5

Assertion (A): If the cartesian equation of a line is
x=-5 y+4 z-6

3 7 2

, then its vector form is

F=5i-4]+6k+A31+7]+2K).

Reason (R): The cartesian equation of the line

which passes through the point (-2, 4, =5) and

x+.7>=,'.f—4=z+£'hTis
5 6

parallel to the line given by

x+3 y-4 z+8
-2 4 =5

Assertion (A): The acute angle between the line

-] I A fal AA
£ =1+ ]+2k+A(i-])and the X-axis is%
Reason (R): The acute angle O between the lines

—y A A A n A N
re=xqi+yqj+zik+r(aq i+byg j+cgK)and

=r A Al Al .’:\ ) A : g
r=x, i+y; j+z; k+pla; i+b; j+c; k) is given

|a102 +b1b2 +C1C; |

by cos0 =

a? +b} +c} \Ja? +b2 +c
(CBSE 5Qp 2022-23)

Assertion (A): The three lines with direction
cosines E, _—3, ——4; i, E, i; i, ﬁ, 2 ar
13 13 13 13 13 13 13 13 13
mutually perpendicular.

Reason (R): The line through the points (1, -1, 2)
and (3, 4, -2) is perpendicular to the line through
the points (0, 3, 2) and (3, 5, 6).

Assertion (A): The pair of lines given by

- A A AA
F=i-j+A(20+k)
and ?:2?-Q+p (? +?-ﬁ) intersect.

Reason (R): Two lines intersect each other, if they
are not parallel and shortest distance = 0.

b e e e e e e e e e e e e e e e —— e — — — —
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Q 28. Consider the lines

L1‘x+1_y+2_z+1 Xx=2 _y+2 z-3
T3 =1 2" -1 3 3

Assertion (A): The lines L; and L, are mutually

perpendicular.

Reason (R): The unit vector perpendicular to both

&2

0 29. Assertion (A): The lines

o A —>
r=a;+Ab; and
- -3 - =

r =a; +pu b, are perpendicular, whenb;-b; =0

Reason (R): The angle 0 between the lines
- = - - = -

r=a;+ib; and r=a5+pb, is given by

the lines L; and L, is -9?-11i\ +8ﬁ
' 2 J266
1. (a) 2. (a) 3. (d) 4. (d)
11. (a) 12. (a) 13. (d) 14. (b) 15. (d)
21. (d) 22. (b) 23. (b) 24. (c) 25. (a)

<) Case Study Based questions
Case Study 1

Two motorcycles X and Y are running at the speed
more than allowed speed on the road along the lines

— Fa A N = A AN A A N
r=A(i+2j—-k) and r=3i43) +p(21+j+k)

respectively.

Based on the above information, solve the following

questions:

Q1. The cartesian equation of the line along which

motorcycle X is running, is:

g X1 _y+l _2z-1 bl et o
1 7 -1 1 2 =1
c.%:%:% d. None of these

Q2. The direction cosines of line along which

motorcycle X is running, are:

a.<l-21> b.<12.-1>
c<]_2]> d.<] 2_]>
V666 &'V

Q 2. The direction ratios of the line along which

matorcycle Y is running, are:
a.<102> b.<2,10>
c.<ll2> d.<211>

Answers

6. (b) 7. (d) 8. b) 9. (b) 10. (0)
16. (a) 17. (b) 18. (d) 19. (a) 20. (d)
26. (b) 27. (a) 28. (b) 29. (a)

- =
Ibyllbs| (CBSE 2023)

Q 4. The shortest distance between the given lines is:

a. 4 units b. 2+/3 units
c. 32 units d. zero
Q 5. The motorcycles will meet with an accident at the
point:
a.(=1.1,2) b.(2.1,-1)
c(1.2.-1) d. None of these

1. The Une along which motarcycle X s running, is

r= A.(T +2 T - ﬁ). which can rewrite as:

(xT+yT+zE)=A?+21T-A§

= X=A, =2k, Z==L
ks £=2=_2..=l
1 2 -1
X y z
Thus, the required carteslan equation Is S ey

So, optlon (b) Is correct.

. Clearly, directlon ratios of the required line are

<1,2,=-1>
.. Directlon cosines are:
1 2

ST R @R
=4

@7

1 2 -1
<J1+4+1',[1+4+1'J}+4+1>

le it =y
" N

So, option (d) is correct.

Le,

. The Une along which motarcycle B Is running, Is

r =(314+3])+n(21+ ] +k). which Is parallel to the

A A A
vector 2 1 + | + k.
. D.R's of the required line are < 2. 11>,
So. option (d) Is correct.

Solutions J
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4. Here.a,=01+0] +0ka,=31437.bj=1+2]-k

andl:l_;=2Ji\+li\+lk\

a—;—;;=(3?+E|T)—(DT+CI?+ka\)=3?+3T
-2 4 ? /i\ E
and byxbs =|1 2 -1
2 1 1]

=2+0)T-04+2)] +(1-4)k
A2k
Now, (a5 —a;)-(b; xba)=(31+37)-31-37-3k)
=(3)(3)+B3)(-3)+(0)(-3)=9-9=0
Hence, shortest distance between the given Unes Is D.
So. option (d) is correct.
5. Carteslan equation of Motorcycle x Is

A -

172 =l =l
and carteslan equatlon of Motorcycley s

X—ng—iﬂg (2)

2 1 1
Take a point (x,y.z) = (1. 2,-)
from eq. (1). %:%:1} = 1=1=1 (true)

1-3 2-3 -] -2 -1 -
f = — I — i — — i — i —
Rk = =T = T=Tq

=1=1=1 (true)
Since, the point (1, 2. -1) satisfy both the equations of
lines, therefore point of intersection of given lines Is

(2.3
So, the Motorcycles will meet with an accident at the
point (1, 2,-1).
So, option () Is correct.
Case Study 2
If a\,by,c, and a,,b,,c, are Ly Lo
direction ratios of two lines say /

Then L;||L, iff —=—=—
a b

L, and L, respectively. / [ Ly
a b ¢ L,

and Lj 1Ly iff

ads +blb2 +cC1Cy =().

Based on the above information, solve the following
questions:

Q1 if ly,m,ny and [,,m,,n, are the direction
cosines of L; and L, respectively, then L; will be
perpendicular to L, , iff:
a.lyl; +mym; +nn,; =0
b.ymy +myl; + myn, =0
el DL

L m; ny

d. None of the above

Q2. If {;,my,ny and [;,my,n, are the direction

cosines of L; and L, respectively, then L, will be
parallel to L, iff:

a.i‘tz+m1m2+nln2 =D
b.[lmz +m'||'.2 +n'|n2 =D

L my; n

d. Nane of the above

Q 3. The coordinates of the foot of the perpendicular

drawn from the point A (2, 1, 2) to the line
x=3 y=2 z-5

dare:
11 1
4110
a-(g- L ?] b. (2. 4. 5)
c.(3.4.5) d.(4.3.5)

Q4. The direction ratios of the line which is

perpendicular to the lines with direction ratios
proportional to (-1, 3, 2) and (4, 0, -3), are:

@

a.<-95-12> b.<121>
€.<2,-12> d<-122>
-x+2 -y+1 z-2
Q0 6. The lines = y = -

-3 2 0

andl —x+1=2y+3 =z+5are
-1 3 2
a. parallel b. perpendicular
c. skew-lines d. non-intersecting
Solutions .

w

Since, D.R.'s are propartional to D.C.'s, therefore L; will
be perpendicular to L, Iff

Ll +mymy+mn; =0
So, option (a) Is correct.
Since,D.R's are propartional to D.C.'s, therefore L, will
be parallel to L, iff

So, option (c) Is correct.
Equation of Une [s:
x-3 y-2 z-5
T 1 1

Let coordinates of foat of perpendicular be D (x,y. 2).
.. Directionratios of ADare< x-2,y-1z-2>
Also AD Is perpendicular to the given line

Wx=2)+1(y-0)+1(z-2)=0
= x=-2+y-14+4z-2=0
= X+Y+2=5 (1)
Any point on the Une is (A +3, A+2, A +5).
This will satisfy the eq. (1).
A+3+A+2+A+5=5 = 3IA=5-10

= Ao ——

.. Required coordinate of foot of perpendicular Is

b e e e e e e e e e e e e e e e —— e — — — —
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(—§-+3. —-El+2. —-5--1-5]
3 3 3

[i 1 E]

3'3' 3

So, option (a) is correct.

4. Let a.b.c be the direction ratios of the required line.
Since it Is perpendicular to the lnes whose direction
ratios are (-1, 3, 2) and (4, 0, - 3) respectively.

% —-a+3b+2c=0 )]
and 4a+0-b-3c =0 (2
On solving egs. (1) and (2) by cross-multiplication, we
get
o __ b __c _ o b c

-9+0 8-3 0-12 -9 5 -12

Thus, the direction ratios of the required line are
<=-95-12>

So, option (a) is correct.

5. Given lines are
=X+2 =y+1 2-2

Q 2. The length of the cable EB is:
a. 24 units b. 26 units
c. 27 units d. 25 units
Q 3. The length of cable ECis equal to the length of:
a.EA b.EB
c.ED d. All of these
Q 4. The sum of all vectors along the cables is:
a.961 b.96 ]
c.-96k d.96k
=) —
0 5. The angle between EA and EB is:
3= B—
3 6
c.cos™ (2) d. cns”‘[-ﬂ)
71 169
Solutions ®

Z

-3 2 0
- X=2 =M=Z"2
3 -2 0
and -x+1_2y+3_z+5
-1 ] 2
- x—1= y-(—3!2)= z-(-5)
1 3/2 2

.. Directlon ratlos of given Unes are <3.-2.0 >
and <13/2.2>.

Now, as (3)(1) + (-2)(3/2) +(0)(2)=3-3+0=0
Thus, given lUnes are perpendicular to each other.
So, optlon (b) Is correct.

Case Study 3

Consider the following diagram, where the forces in
the cable are given:

Based on the above information, solve the following
questions:

e |
Q1. The vectorEDis:
A A A
a.81-6]+24k

A

A A
b.-B1-6]+24k

A A N A A N
c.-Bi-6j-24k dBl+6]+24k

1. Clearly, the coordinates of Dare (-B.-6, 0) and that of
Eare (0,0, 24).

iy A A A
. VectorEDIs (-8-0) i +(-6-0) | +(0-24)k,

A M A
le, =81 ~&] 24k,
So, option (c) Is correct.

2. Since, the coordinates of B are (8, 6, 0) and that of

E are (0, 0, 24), therefore length of cable
EB =4(B-0)% +(6-0)% +(0-24)?

= ,/64 +36 + 576 = +/676 =26 units.

So, option (b) Is correct.

3. Since, the coordinates of C are (-8B, 6, 0), therefare

length of cable EC= J(—B -0)? +(6-0)% +(0-24)?

=64 +36 + 576 = +/676 =26 units.
Similarly, length of cable EA = ED = EB = 26 units.
So, option (d) Is correct.

4. Sum of all vectors along the cables

) ) - cul
=EA+EB+EC+ED
A A M N M A
=(81-6]-24K)+(81+6] -24Kk)
A A A M A A
+(-B1+6 ] -24k)+(-B1-6]-24k)
- -96k
So, option (c) Is carrect.

b e e e e e e e e e e e e e e e —— e — — — —
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x-4 y-1 z-3
" TR |

5. Let the angle between EAandEB be @

==t kit EB= B .G 2ak where, < 4,2.1> are direction ratios of the Lline TH.

050 = |EA-EB] _1(Bi-6]-24k)-(Bi+6[-24k)l 2. The distance between the points, P and Qs
IEAIIEBl 181-6(-24k|IBi+6|-24k] PQ = (0 -2)% + (4 +1)2 + (1-3)2
B)(B)+(-6)(6)+(-24)(-24
66 (E6) 20240  freme
V(B)* +(=6)" + (~24)° (8" + (6) +(~24) 3. Since.P (2.-13).0 (0. 4. 1) andR (2.1. =)
_ |64 -36 + 576 _ 604 : ol s s o 1y .
T J64+36+57664+36+576 676676 1°
604 151 Agel 1]
el S 2
T 676 169 T -1
o coet( 18] ]
= B=cos T =5[-1(1+1)-3(4-1)+1(-4-1)]
So. option (d) is correct. =_1_[_2_9_5]
Case Study 4 i€
An electricity tower stands on an agricultural =T=_E
horizontal field, where agricultural activities are not 7 9 7
obstructed in any manner. Consider the surface on A, o 11
which the electricity tower stands as a plane having 25 1
points P (2,—1,3),Q (0,4,)R (2,1,—1)and H (0, - 1, 2) :
on it. The electricity tower is tied with three cables :'2"[2(”])'3(0"2)”(0'2)}
from the points P, Q and R such that it stands 1 B
vertically on the field. The top of the electricity tower =§[4 +6-2)= 5=
is at the point T (4, 1, 3) as shown in the following 5 = 3
1
5 g 4 1
2 11
-_-%[2(4-1)+1(D-2)+1(U-B)]
s B
2 2

. Area of APQR =[AZ + Af LA
=,](-El)2 +(4)? +(-2)2
=64 +16 + 4 = B4

Based on the above information, solve the following =24215q. units.
questions: or

Q1. Find the equation of the perpendicular line drawn Glven, points are
from the top of the electricity tower to the
horizontal field.

Q 2. Find the distance between the points P and Q.

Q 3. If the points P,Q and R connect each other with a

wire and form a triangle, then find the area of
APQR. X3=X1_Ya-=-¥ _Z3-2
Xp=Xy Yz2=Y1 Z3-2,

P(2.-1.3) = (xy. ¥y 21).

Q0. 4.1) =(x2.y2.2;)

and R(2,1,-1) =(x3.v3.23)

If the points are collinear then

0 . 2-2 141 _-1-3
Check the points P, Q and R collinear or not. Bl Aal 18
. 0 2 -4
L Solutions ® i Rl
1. The equation of the perpendicular line THdrawn fram = 0w % w2

the top T (4 1. 3) of the electricity tower to the

harizontal field at polnt His Thus, the points P, Q and R are not collinear.

) |
I |
) |
| |
) |
I |
) |
) |
) |
I |
| |
) |
) |
) |
) |
) |
) |
I |
) |
) |
) |
I |
I |
) |
| |
I |
I |
) |
) |
) |
I |
) |
| |
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Case Study 5

Electrical transmission wires which are laid down in
winters are stretched tightly to accommodate
expansion in summers.

N =
Two such wires lie along the following lines:
| x+l _y=3 z+2
l- = =

3 =2 -1

Based on the given information, solve the jollowing
questions:

Q1. Find the angle between the lines [, and [,.
0 2. Find the point of intersection of the lines [, and [,.

[ S I °

| Solutions |

1. The direction ratios of glven lines are 3.-2.-1 and
-1,3, -2 respectively.
The angle between two lines
A8 YN _EE
a; by 5
X=Xy V=¥y _2=2
a3 b, i

and

Z js given by.

cos O = a,a, +b, b, +¢c,

Jaf +bf +qc12 azz +b§ +c§
o’

(3)(=1)+(=2)(3)+ (-1)(-2)
VB +(=2)2 + (=) Y(=1)% + (3)? + (-2)?
-3-64+2

T|BraAIJi+0+ 4

=lnl=c0560°
14 2

. cos@

-7
| @ JE l

K
0=60= =
= 3

2. From line (1),
X+l y=3 z+2
3 -2 -1
= X=3A-ly=-2A+3 and z=-A-2.
So. the coordinates of a general paint on this line are
(Ax=1-=2x4+3.~Ar=2).

A (say)

From line (2).
X y=7 z+47

-1 3 -2
So. the coordinates of a general point on this Une are
(-p.3p+7.-2p-7)
if the line intersects, then they have a commaon point.
So, for some values of A and p, we must have

M-l=—p.-2A+3=3p+7.-2-2=-2p-7

= +p=13p+2h=-4A-2p =5
On solving first two equations, we geth =Tand p = -2
Since. 2 =1and p =-2 satisfy the third equation.
So the given lines intersect. On putting A=1 in
(3A=1-2A+ 3, -1 -2). the coordinates of the required
point of Intersection are (2,1 -3).

(say)

Case Study 6

The Indian Coast Guard (ICG) while patrolling, saw
a suspicious boat with four men. They were no way
looking like fishermen. The soldiers were closely
observing the movement of the boat for an
opportunity to seize the boat. They observe that the
boat is moving along a planar surface. At an instant of
time, the coordinates of the position of coast guard
helicopter and boat are A (4, 5, 2) and B (1, 2, 3)
respectively.

Based on the above information, solve the following
questions:

Q1. If the soldier decides to shoot the boat at given
instant of time, where the distance measured in
metres, then what is the distance that bullet has
to travel?

Q 2. If the speed of bullet is 45 m/s, then how much
time will the bullet take to hit the boat after the
shot is fired?

0 3. Find the direction cosines of line passing through
the positions of helicopter and boat.

Oor
At the given instant of time, find the equation of
line passing through the positions of helicopter
and boat.

= .
Solutions '|

1. Requlired distance = Distance between A and B
=(1-4)? +(2-5)% +(3-2)?

=/9+9+1=+19m
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2. We know that,

Distance = Speed x Time

Distance =Esec

Speed 45

3. Direction ratios of line AB are <1-4,2-53-2 > le;
<-3-31>From part (1). length of ABis 419 m.

-3 3 1
-. Directlon cosines of Line AB are < : ; >
319 :]IE] 319

Or

.. Required equation of line AB s
X=& y«B z=2
=8 =3

[-DrsoflineABare<-3 -313)

. Required time =

Case Study 7

In a diamond exhibition, a diamond is covered in
cuboidal glass box having coordinates O (0, 0, 0),
A{l1,0,0),B(l,2, 0),C(0,2,0),0 (0,0, 3),
A'(1,0,3),B(1,2,3)and C' (0, 2, 3).

0'(0,0,3) Cr(orzj)
0 (0,0,0) €020
A (1,0,0) B (1,20)

Based on the above information, solve the following
questions:

Q1. Find the direction ratios of OA'.
Q 2. Find the equation of diagonal OB'.
Oor
Find the length of the longest rod place in
cuboidal glass box.
Q 3. Find the angle between OB and OB".
| Solutions .
1. Direction ratios of DA’ are
<1-0,0-0,3-0>/le.<10.3>
2. Since Dr's of OB'are <1-0,2-03-0>le. <123 >
.. Equatlon of dlagonal 0B’ Is
x -0 - y-0 - z-0 1, x_y_zZ
1 2 3 1 2 4
Or
Length of the longest rod
= 1!(1)2 +(2)? + (3)% = V14 units
3. Direction ratlos of OB are
<a.bnc;>=<1-0,2-00-0>=<120>
and direction ratios of OB’ are
<03,b3.c;>5<1-02-03-0>=<12.3>
Let 0 be the angle between OB and OB’ then

laya; +byb; +¢c,l
Ja]z+b12+c|2 ,ja§+b22+cg
(N(1)+(2)(2)+ () B) 1+4+0
NZi22+0% 12422+32 B4

= C0s50= 2 —F
S5 Vs

9:::05"[ E—
\JMI

'/ Very Short Answer Type Questions

cosf =

= cos8 =

Q1. Find the direction cosines of X,Y and Z-axes.
(NCERT EXERCISE)

Q 2. Write the distance of the point (3, =5, 12) from
X-axis. (CBSE2017)

Q3. Find the direction cosines of the line passing
through the two points (-2,4, =5) and (1, 2, 3).

(NCERT EXERCISE)

0 4. Find the vector equation of the line which passes

through the point (3, 4, 5) and is parallel to the

vector2i +2j-3k. (CBSE2019)

Q 6. Find the cartesian equation of a Lline which passes

through the point (-2,4,-5) and parallel to the
x+3=y—4=z—8

3 5 6
Q 6. Find the angle between the lines

line (NCERT EXERCISE)

x_4=y+5=z_3and£=£=i
1 2 1 2 3 1
Q7. Show that the linesxT_szy—H-siand
%: %: % are perpendicular. (NCERT EXERCISE)

‘@/ Short Answer Type-I Questions

Q1. Prove that the points A (1, 2, 7),B (2, 6, 3) and
C (3, 10, -1) are collinear.

Q 2. The x-coordinate of a point on the line joining the
points P (2, 2, 1) and Q (5,1,-2) is 4. Find its
z-coordinate. (CBSE2017)

Q3. The equations of a line are
Sx=3=15y+7=3-10z. Write the direction
cosines of the line and find the coordinates of a
point through which it passes. (CBSE2023)

Q 4. Find the direction ratio and direction cosines of a
line parallel to the line whose equations are
6x-12=3y+9=2z-2. (CBSESQP 2022-23)

0 6. Find the vector and the cartesian equations of a
line that passes through the point A(1, 2, -1) and
parallel to the line 5x -25=14-7y =35z.

(CBSE2023)
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Q6.

Q7.

Q8.

Qa.

Or

Find the vector equation of the line passing
through the point A (1, 2, =1) and parallel to the

line 5x-25=14-7y =35z (CBSE 2017)

Find the angle between the following two lines:
— A AA A A A
r=2i-5j+k+2@i+2j+6k)

— A A Fa A

Fal
=7i-6k+p(i+2j+2k) (CBSE 2023)

Using vectors, find the angle between the lines
x+3 y-1_ z+3 x+1 y-4 z-5
= = and = = .
3 5 4 1 1 2
1-x _7y-14 z-3
2p 2

Find the value of p if lines

7-7x _y-5_ 6-z
3p 1

each other.

and are perpendicular to

(NCERT EXERCISE)

Find the vector equation of the line passing
through the point (2, 1, 3) and perpendicular to
both the lines
x-1 _¥= =2 _z= 3
1 2 3

(CBSE2023)

-3 25

” Short Answer Type-Il Questions

Q1

02

Qa.

Q4.

Q6.

Find the value of 2, so that the lines
1—x=7y—14=z—3 and 7—7x=y—5=6—z
3 A 2 3 1 5
are at right angles. Also, find whether the lines are
(CBSE 2019)

intersecting or not.

x+1 _y+3_z+5

Show that the lines : = - and

x=2_y-4 z-6
1 3
of intersection of lines.

intersect. Also, find the point

Find the co-ordinates of the point on the line

x+2 y+1 2z-3
3 2

5 units from the point (1, 3, 3).

which is at a distance of

(CBSE 2022 Term-2)

Find the coordinates of the foot of the

perpendicular drawn from point (5, 7, 3) to the
. x=15 y=-29 =z-5
line = = 2
3 8 -5
Find the length of foot of perpendicular drawn
from point (1, 2, 3) to the line
-6 -7 z=7

x3 = y2 = 2_2 . Also, find the equation of
perpendicular.

(CBSE 2023)

(NCERT EXEMPLAR)

Q6.

Q7.

Qe.

Qa.

010.

omn

Q12.

Find the shortest distance between the lines
x+1_y+1_z+1and x=-3 y=-5 z-7

7 -6 1 i =2 1
(NCERT EXEMPLAR, NCERT EXERCISE)
Find the shortest distance between the lines
r=(@i-])+1(i+2j-3k)and r =(i-j +2K)
0l § 44 =58,
Find the shortest distance between the
following lines:

(CBSE2018)

?:3?+5?+7f(+l (?-2?+ﬁ)and
—>
[m (' 1 "J'k)"‘rL (7 I ‘6l+k] (CBSE 2022 Term-2)

Find the distance between the lines:
r=(i+2]-4k)+n(2i+3]+6k)

(CBSE2023)

F=(3143]=5Kk)+n(4i+6]+12k)

Find the shortest distance between the lines
Xy _z-a r.'a d——l z+a
m 1 0 m 1.0

Find the equation of line which passes through
the origin and intersect the two lines
x=1 y+3 z=5 x=4 y+3 z-14
= = and = = .
2 4 3 2 3 4
Show that the lines
r’=(i+2j+3fc)+k1 2i+3 j+4ﬁ)and
?: (2?+33+4ﬁ)+l2( 3?4-4’} +5§)intersect
each other. Also, find the point of intersection.

"‘c_g?/ Long Answer Type Questions

Q1

Q2.

Q3.

Q4.

Show that the following lines do not intersect
each other:
X=1 y+1 z=1 x+2 y=1 z+1
3 2 §5'4 3 -2
(CBSE 2023)

Find the image of the point (2, -1, 5) in the line
x-11 y+2 z+8

10 -4 11 (CBSE 2023)
Vertices B and C of AABC lie on the line
x+2 y=-1_
= = —_ = 2 Find the area of AABC given that
point A has coordinates (1, -1, 2) and the line

segment BC has length of 5 units. (CBSE 2023)

Find the vector and cartesian equations of the line

which is perpendicular to the lines with equations
x+2 _y=3 z+1 x=-1_y=-2 z-3

= = and = = and

1 2 4 2 3 4
passes through the point (1, 1, 1). Also, find the
angle between the given lines. (CBSE 2020)
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Q 6. The equations of motion of a rocket are:
x =2t,y =-4t,z = 4t, where the timet is given in
seconds and the coordinates of a moving point in
km. What is the path of the rocket? At what
distances will the rocket be from the starting
point O (0, 0, 0) and from the following line in 10
seconds?
—y Fal Fal A A al A
r=20i-10j+40k+pn(10i-20 j+10k)
(CBSE 5QP 2022-23)
Q6. An insect is crawling along the line
Fal A A A ) Fal
r=6i+2j+2k+A(i-2]+2k) and another
insect is
— A A n N A
r=—=4i-k+p@i-2j-2k). At what points on the
lines should they reach so that the distance between

crawling along the line

them is the shortest? Find the shortest possible

distance between them. (CBSE SQP 2022-23)
Q 7. Find the coordinates of the image of the point

(1, 6, 3) with respect to the line

— A A A A A

r =(j+2k)+A(i+2 j+3k); where ‘' is a scalar.

Also, find the distance of the image from the

Y-axis. (CBSE SQP 2023-24)
Q8. An aeroplane is flying along the line

— AN A

r =A(i- j+k); where ‘A’ is a scalar and another

aeroplane is flying along the line

% A A A A

r=i-j+pu(-2 j+k);where | is a scalar. At what

points on the lines should they reach, so that the

distance between there is the shortest? Find the

shortest possible distance between them.
(CBSE SQP 2023-24)

Very Short Answer Type Questions

1. X-axis makes the angles with X.Y and Z-axes are 0°,
90° and 90° respectively.
So, directlon coslines of X-axls are
cos0° cos90¢ cos90° le. 1 O. O
Similarly, direction cosines of Y-axis are
cos90°,cos0°,cos90°%/e,0,1 O
and direction cosines of Z-axis are
c0s90°,cos90°,cos0°, e, 0. 0.1
2. Let foot of perpendlcular on X-axls from the point
(3-512)isA
. Coordinates of the point A =(3, 0, 0)
Then, distance of the point (3, -5, 12) from X-axlis
=distance between the points (3, -5, 12)
and (3.0, 0)
=(3-3)2+(0+5)2 + (0-12)?
=+0+25+144 = /169 =13 units
TR!CK
The distance between two points (xq, yy,2,) and
(X3, ¥2,2,) is given by

d =\/(X2 'X1)2 +(y2 =n )’ +(23 =2 )’

3. Let A=(-24.-5)andB=(l23)

Then, AB = /(1+2)2 +(2-4)% +(3+5)?
=+9+4 + 64 =77 units.
~TR!CK \

For the line Joining the points (x4, yy, 2, ) and
(x4, ¥, 2,), direction cosines are,
X3 =Xg Ya=¥ 23 =4

AB AB AB

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

where, AB = y[(x; =X )7 +(y; =y1) + (23 =2;)°

Therefore, the direction cosines of line joining the

glven polnts are:
1=(2) 2-4 3-(5)

N7T T AT
le 3 -2 8
4, Vector equation of a line passing through the point
bl A N I
a=3i+4j+5kand parallel to vector
b=21+27-3kis r xb=axb.
' d A A A A A A A A A
=rx(2142]-3k)=(31+4]+5k)x(214+2]-3k)
5. Clearly, the directlon ratios of the given line are 3. 5, 6.
Required Une s parallel to given line.
- Direction ratios of required ine=3,5, 6

Therefore, required line passes through the point
(-2 4,-5) and its direction ratios are 3, 5, 6.

TR!CK
Equation of a line passing through point (xy,yy,2;)
whose direction ratios are a,b,c, is

i PO Gl | PO

a b c
x=(=2) _y-4_z-(-5)
3 5 6
- X+a y-4 248
3 5 6

6. The directlon ratios of glven lines are 1. 2, Tand 2,3, 1
respectively.

~TR!CK \

X=Xy _ Y=y _Z=24

The angle between two lines = =
a4 by G
and X252 QY702 274 4
a; b, €2

la,a, +b,b, +c ¢,
e Ul i g

Jaf +!:J12 +cha§ +b§' +c§
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@)+ )3+ 00
JOZ+ 2P +()2 (202 + 3 + (12
2+6+1
JI+44+144+9+1

cosB=

9 9
“B G 247

~. Required angle is 6 =cos™ (i)

221
7. Given equation of Unes are X;E = E5_2= % and
& d_c
1 2 3

o TiP:
If two lines are perpendicular to each other, then the sum

of the product of corresponding direction ratios will be
zero.

Here.h=7.m=-5m=1L=1my=2.n, =3
Then, LbL+mmy+nmn;=0

(7) (0 +(=5)(2) + () (3)=7-104+3=10-10=0
Therefore, lines are perpendicular to each other.

ERRQR -

Sometimes students get confused with the condition of
perpendicularity.

Short Answer Type-l Questions

1. Directlon ratlos of the Une AB are following
2-16-23-7le,1 4, -4
and direction ratlos of the Une BC are following
3-210-6.-1-3/le,1 4.-4

1 4 -4
Clearly that.T= v

le. direction ratios of the line AB and BC are
propartlonal.
-, Lines AB and BC are parallel but point B Is comman
in both Unes.

Hence, points A,B and Care collinear. Hence proved.

2. LetRdivides PQ In the ratlo k:1.
P k R 1 ('2
(2,21) (51,

The coordinates of any point, which divides the join
of paints P (x1, y1,21)and Q (x,,¥,, Z3) in the ratlo
m : n internally are:

mx; +nxy my, +ny; mz; +nz
( m+n ' m+4n = m+n )

G- TiP:

By sectlon farmula,
R (5k+2 k+2 —2k+1}

k+1 "k+1" k+1

Glven that. x-coordinate of R = 4

Bk +2
=4
k+1
= Bk+2=4k+4 = k=2
2k+1 -2(2)+1
So. z- dinate of R = = - k=2
0.z-coordinate o — S ( )
L W
s—g—==

3. Glven equation of linels5x-3=15y+7=3-10z

or 5()(—2) =]5(y+1) =—1D[z—i]
5 15 10

"5 y+T7§ ‘"1
ST SR N
5 15 10
3 ( 7] 3
X== Y—-|l-—=| z-=
Er 5. 15)___ 10
6 2 -3

[--Multiply denominator by 30)
Here DR's are (6. 2. -3).

G- TiP:
Cartesian equatfon of a line is
L= _Y=W _=2=5
a b c
where, (x,,y;,2,) are the coordinates of the point from

which line passes and dr's of the line are <a,b,c >.

-. DC's of a line are

6 % 3 ]
{67+ 225 (-3 62+ P 4= B2+ 224 (-3

or[ﬁ 2 _a]or(gz—é)
Vi V45" Va9 7'7 7

Thus the coordinates of the required palnt are

(il A i)
5 15710
4, Glven equatlon of line s,
bx-12=3y+9=2z-2
= 6(x-2)=3(y+3)=2(z-1)
- Standard symmetric form of the glven lne Is,

1/6 1/3 /2

So. directlon ratlos of this line are < >

N —

L
5

o] —

Direction ratlos of two parallel lines are proportions to
each other.

Since, lines are parallel so the directlon ratios of the
parallel line are

<g§ >= <1.2,3> (putk=6)

Hence. required directlon cosines are
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i L ; < ) 3 - 7. Equation of first Une is X;E':%]:%:t
VP 422432 2422432 2422432
= x=3t-3 y=5t+1, z=4t-3

1 2 3 .
or <-J]+4+9 o e e > # Vecta:equaﬂtlan Ef Unf is
1 2 3 r=xi+yj+zk
ar <  —— — == A A A
NN AN =(3t-3)7 +(5t+1)] + (4t -3)k
5. Given line s = r=(-31+]-3k)+t@1+8]+4k) ()
5x-25=14-7y =35z Similarly, vector equation of second line Is
TR!CK ?:(s—])?+(s+4)?+(25+5)£
The vectar equation of a iine passing through the - ¢ =(—? 5 4? +5Q)+s(?+?+2ﬁ) )
point Mith position vector a and parallel to a given From egs. (1) and (2). the vector equation of lines are
—y —5
vector b is ? =a+Aib. parallel to the vectors

= 5(x-5)=-7(y-2)=352 i-|=fl4;5|i4k
s B El] and b,=i+]+2k

/5~ =1/7 1/35 TIP :

x-5 y-2 z-0
- P e The angle between lines and their various conditions

should be learned thoroughly.

=5

=

.. Directlon ratios of this line are 7. -5, 1.
Which Is the required carteslan equation of a Une. - Angle between lines
So, vector equation of the line which passes through 0 =angle between vectors t-); and b;

the point A(1.2 -1) and its direction ratios are > o
i 1z~ -1 1by-bsl _1[ I3x145 x1+ 4 x2| ]
=c0s" ——<_=(0s

propaortionalto 7, =5, 1, Is

o 2 2,42 [2,12,52
- 37 +55+47 417 +1° 4+ 2
P2t ket os] ) itz Y v
4 16 _][ 8 )
=C0S =C0s
COMMON ERR@R . \ [5272 xl6 543
Here some students takes wrong direction ratios and B. The standard form of given lines are
point of the given line because of non-standard form of x-1 y-2 z-3 A =2 -1 y-5 z-6
given line. -3 2p/7 2 -3p/7 1 -5
Firstly students should convert the given equation of line T- P ]
in standard form then takes the right value of point and @ | o
direction ratios of the line. First canvert the given equation of lines in standard
X g fOmeE’ X=Xy Y=y Z2=24
6. The direction ratios of glven lines o b e
ax) ;.\ ,o'\ A A 1:\ A =
r=2i-5]+k+A31+2j+6k) If these lines are perpendicular, then
—¥ A A A A A
andr =7 I=6k+p(i+2[+2k) (_3)X3_P +2_Px1+2x(_5)=u
ap A A A «ap A A A =7 7
areby=31+2 |+6kandb, = I +2 | +2krespectively. I 70
TR ! CK 9. Glven equation of lines are
q
The angle between two lines having direction ratios x-1_y-2 2z-3 x y _z
- - Bl 1 2 3 '3 2 5§
llel tob, and b, Is cos @ m S22
parallel to by ana D, IS COSH = ——— Here Dr’s of given lnes are
|by 116, <12 3>and<-3 25>
=p A A A “y A A .
Letby= [+2 j+3kandb; =-31+2 |+5k
. The angle between two lines Is T
oo lbrbyl 3x142 %246 x2| e 2' ';
=T ow b, xb, =
bt V@2 +(2)2+6) ()2 +(2)* + (2)° ey
o 13+4412) 19 19 _19
VO+4+361+4+4 4949 7x3 21 = 1(10-6)-](5+9)+ k(2 +6)
-] ]9 A A A
B Ens (5] =41-14 | +Bk

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7
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r - -

Since, required line is perpendicular to both the given

lines. Thus it Is parallel to the B: xt;;
-. Required equation is
r=20+]+3ke N4 T-14]4+8K)
Short Answer Type-Il Queslions

1. Given, equation of lines can be written In standard

form as
X -1 -2 z-3
e =—= let alll
=G 7 e M
x-1 y-5 z-6
= = let w2
and e (r) e @
~TR!CK w
Two lines U T T
a1 b, 51
X7 YTV2 L2752 g perpendicular, if
a, b2 Cy
a,a; +bby; +¢ycy =0.

These Unes will intersect at right angle, if

_3[_%]{%}(1)&4-5):0

9% A
—+==-10=0
= =+3
= ]791='IU = A=7

which Is the required value of A.

Now, caardinates of any point on Une (1) are
(-3r+1/+2,2r+3)

Coordinates of any point on line (2) are
(=3, +1+5,-5r, +6)

Clearly, the line will intersect, if

(=3r+1R+2.2rR+3)=(-3r, + lr, +5.-5r; +6)

for some . r; eR.
On comparing, we get

-3R+l=-3Ip+1 = R=ry
R+2=rp+5 = n-r;=3
and 2n+3=-5b+6 = 2R+5r=3

which Is nat possible simultaneously foranyn, r; eR.

Hence, the lines are not intersecting,

~common] ERR(DR

of A in perpendicularity condition of lines,
eg, ()(3A)+H)(1)+(2)(5)=0
L:» IV+A+10=0 = Am-1.

Sometimes students does not check that the given
equations of lines are in standard form or not. They takes
wrong values of d.r's of the lines and get the wrong value

3\

2. Equation of glven lines are
x+1 y+3 z+5

3 5 7
X=2 Y-8 Z-6

1 3 5

and

¢~ TiP:

TLeam the concepts of skew and intersecting lines.

Coordinates of any paint on line (1)

=(3L-15L-3 71 -5) -(3)
and coordinates of any point on line (2)

=(u+2.3u+451+6)
If lines intersect. then a point of these lnes be
COmMmon.
So. for some values of Aand p,

I-l=p+2 5Br-3I=3pu+4

7h-5=5u+6
= 3}\.—“ =3_ 51—3‘1:7, 77&.—5“ =1]
Solving the first two equations fram the above.
l:l
2
and wisd
2

These values of & and p satlsfies the third equation.

So. given lines Intersect.

Put A = —;— in eg. (3).

Coordinates of required point of Intersection

Some students compute the shortest distance to show
that the lines are intersecting. Which leads to difficult for
finding intersection point.

3. Glven equation of line,
X42 Y41 2-3
¥ - 2 2
Let P(3r-2,2r-12r+3) be any palnt on the glven

(say)

line.

Glven that, the distance of P from the point
Q(13.3)=5units.

o A0-3r+2)2 +(3-2r+1)2+(3-2r-32 =5

Squaring on both sides we get.

(3-3r)2 +(4-2r)% +(-2r)* =25
= 9+49r2-18r+16+4r2 -16r+4r* =25
=  17r’°-34r=0
= 17r(r-2)=0

= r=0 or r=2

At r=0,

the coordinates of point P =(-2,-13)
At r=2

the coordinates of point P =(4.3.7)
So, required points are (-2,-1.3)and (4, 3, 7).

b e e e e e e e e e e e e e e e —— e — — — —
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T

4. let the foot  of
perpendicular drawn
from paint P(5. 7. 3) to
the given line be L
Coordinates of any paint
on line

P{5;7,3)

x =15 g y-29 - Z=h % i
3 8 -5
aer L(3x+15 BA+29, -51+5)
Now direction ratios of PL are (3% +15-581+29-7,
-5x+5-3)
Le.(3x+10, BA+22, -51+2)
Since PL Is perpendicular to the given Une
0,0, +byb; +¢yc; =0
= 3(3r+10)+B(Br+22)-5(-51+2)=0
= 91 +30+641+176+251-10=0
= 9BA+196=0 = A=-2
Hence, foat of perpendicular drawn on the given line
s L(3x-2+15.Bx-2+29, -5x(-2)+5)
le. L(9.13 15)
5. Let the foot of perpendicular drawn from point
P (1. 2, 3) to the glven line be L.

Practice all the different types of questions from the topic

offoot of perpendicular.

P(1,2,3)

< =
< r g

(32+6 20 +7, =20+ 7)

Caoardinates of any polnt on Une X6 _y-J 21

Length of perpendicular
=PL=4/(3-12+(5-2)2 +(9-3P
=22+324+62=J5+9+36
=49 = 7 units

. DrsofPLare<-34+45-2+52+4>le,<236>

.. Equation of perpendicular PLis:
x=1 y=2 z=3

2 3 6
ERRQR «
Mostly students have an issue with problems invalving
foot of perpendicular and image.

6.
~TRICK \

The shortest distance between the lines
s W g T |

a; by G
X =X - Zomzy
and 2.aL702 2 js:
a; b, 2
X =X1 Y2a=Y1 Z22-4
0 by a
a, b, C;

dm= —

J(-fhfz =bycy)? +(cya; =c30;)?

+(a,b, '02b1)2

2 -2
are (3A+6.2A+7,-2x+7).
Let coordinates of paintL
=(IN+6,20+7.-21+7) (1)

~. Directlon ratios of PL are:

3N+6-120+7-2,-24+7-13
le. 3A+520+5 -2 x+4
Directlon ratlos of given line = 3, 2, -2

PL Is perpendicular to the glven line whose directlon
ratlos are 3, 2, - 2.

.. From the formula, aya;, +b)b, +c;c; =0
= 3(3A+5)+2(22+5)+(-2)(-22+4)=0

= 90 +15+4)+10+41-B=0
175+17=0
= 17Th==17 = l=-]
Put A = -1in eq. (1),
L=(3.59)

~. Coordinates of foot of perpendicularL=(3, 5, 9)

- J
x+1 y+1 z+1
Glven equatlnns,T_ T
polol) _votcl 2o()
o 7 -6 1

Here, x;=-1.yy=-1.z1=-1,0y=7.b)=-6.¢;=1
x-3 y-5 z-7
1T =2

and

Here, x; =3,y;=52;=7,0;=1,b; ==-2,c; =1
Hr~xy ¥1=h Lapmn

0 by 0
az b, ()
3+1 5+1 741 [4 6 B
= 7 =6 1 =7 -6 1
1 -2 1 1 -2 1
=4(-6+2)-6(7-1)+B(-14+86)

w-16-36-64
=-52-64=-116

and (bicz -bz ©))2 + (€102 -2 @)% +(a1bz —a; b))

= (-6+2)% +(1-7)% + (<14 +6)?

J16+36+64 =416

So, required shortest distance
-116

d= 7n_6|= J16 =24/29 units

b e e e e e e e e e e e e e e e —— e — — — —
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G- TiP:

-

Firstly, student should write the equation in standard
— -

form r =a; +Aby,r =a; +pby then solve the

shortest distance.

The given vector equation of lines are
r=(41-7)+n(i+27-3k)
and _r)=(li\—f|'\+2|’(\)+p(2fi\+4li\—5|’<\)

Here.;— é—?5;=?+2,|’\—3‘|:
ay=i—j+2k by=21+4]-5Kk
o ag-ay=(i-]+2k)-(@&1-7)=-31+2k
~TR!CK
— pr, 8 A A — A n A
Ifa=a, i+a, | +askandb=b, i+b; | +bs k
I | K
- >
Then axb=lg g, ay
by b, by
|
P N A
. i ik
blxb2= ] 2 "'3
2 4 -5

R T (I

o 1by xbyl =422 + (<12 =G T1=+5
~TR!CKS

— A A Fal —» N A s}
Ifa =ayi+a, j+askand b =by i+b, j+bsk.
Then

:‘\?=:1\ AEA ff(\mland? }\a? E(\r:li(\ ?

' =0

A

and (ay-ay)- (b xby)=(-314+2K)-(21-1)
=(—3)x(2)+Dx(—1)+2 x0=-6

TR!CK

e — —» —r - —r
If the lines are r =ay +Aby and r =a, +pb,.
-
(b 1><b2) a; '91)|

I I

|b1 xbz |

Then, shortest distance, d = -|

Now, required shortest distance =

Y - )
Iby xbs |

IiEl 6 units
5 V5

B. The given vector equation of lines,
?=3li\+5’i\+712+1(’i\—2’i\+’l<\)
and rele b=f=k)+u (71 =6] #i)
Here, a,=31+5]+7kby=1-2]+k

stk bee Tl 8T ol
az—a:_(—l—f—ﬁ) (3?+5?+7ﬁ)
s B <G -k

-> - ? ? E
7 -6 1
=(—2+6)?—(1—7)T+(—E+14)§
=4?+6T+H§
Iby xby 1= [(4)% + (6)2 + (B)?

=,f16+35+64=«/i16

and (a; -ay)-(by xb3)
~(-47-67-8Bk)-(4T+6]+8K)
=(-4)(4)+(-6)(6)+(-B)(8)
=-16-36-64=-116

P - R R <
Now, required shortest distance = [ 22—=1 t: o
-116 116
= = =116 = 24/29 units.
G 6 i

9. The glven lines are passing through the paints
) ;.\ A A S ] M A A
ay=i+2]|-4k and a;=31+3| -5k

> A A A =F A A A =

Here, by=2i+3|+6kandb,=41+6|+12k=2b,

So, bath lines are parallel to the vector

- A Al Al
b=2i+3]+6k.
ay-ay=(31+3]-5k)-(1 +2] -4k)
A A h
o T4 =
A A A
i ] ik
ad ) =p <} )
Now.(a, -a))xb=|2 1 -1 (b =b)
2 3 6

«(6+3)1-(12+42) | +(6-2)k
=91-14]+4k
and Ib1=+(2)2+(3)? + (6)2

=4+9+36 =49 =7

. Required distance between given lines

) au wy
. l(az-a))xbll
-3
Ibl

b e e e e e e e e e e e e e e e —— e — — — —
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JO) +(<14) + (4)?

:
=m=@
common] ERR(DR -

Some students write the wrong values of a1, a; and by, b3
that's why the answer of shortest distance is wrongly
calculated.

10. Here. é;:D?+D)|}+ﬂﬁ=a§.

E:=m1T+T+UE =m1?+T
and a; =G?+D?+(—a)ﬁ=—ﬂﬁ.
by=rmy 1 +]

+
A A A
s .z |V K
NOW. b]xb2= m~| ] D
m, 10
A J‘l\ A
=0i+0j+(m-m;)k
A
=(m]—m2)k
wh e A A A
and a;-a;=-ak-ok=-2ak

lB: Xh;|=‘ 1‘(m]—n12 )2 =(m]—m2)

.. Shortest distance

@z -ay)-(by xby)l _I-2ak-(my -m, )kl

56; xb; | (m —m3)
[=2a(my-m,)l  2a(my-m,) 5
= = =40
(my-m;) (my-m,)
11. Letthe required line be Bt will)
g b ¢
If Une (1) Intersects the line x2—1 - y:B = 255. then
1-0 -3-0 5-0 1 -3 &
a b cl=0 = |a b cl|=0
v 4 3 2 4 3
= 290-7b-10c =0 (2
Similarly, if the line (1) intersects the line
x=4 y4+3 z-14
= = ,th
2 -3 g4 e
Hull <8340 =0 4 -3 14
a b cl=0= |a b cl=0
9 3 4 3 3 %
= b4a-12b-1Bc =0
= 90-2b-3c =0 ..(3)
From egs. (2) and (3), we get
a b ¢
1 =3 5
. Thelinels X=X
1 -3 5

r
I
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
I Alsa,
|
I
|
I
I
|
|
|
|
|
|
|
|
|
|
|
|

12. The position vectors of arbitrary points on the given
lines are as follows
_r’=(fi\+2fi\+3ﬁ)+li(2?+3/|'\+ 4JI'<\)
=(1422) 1 +(2+30,) | + 3+ 41,k
and r=(21+3]+4K)+2,(31+4]+5k)
=(2430,) T +(@+42,)] +(4+51,)k
If lines intersect, then their one point must be

common.
So, for some values of A;and A..
(1+211)?+(2+3l,)‘i\+(3+41,)f<\
=(2+3}\.2)?+(3+42\.2)T +(4+5l2)ﬁ
= 1+20 =243,
2430 =3+ 42,
3+40 =4+5),
Solving first two equations 2X,-3); =1 and
3), - 4x, =1from the above, we get
M=-1 and Ay=-1
These values of A, and A, satlsfy the third equation.
So given Unes Intersect. Hence proved.
Put A, = =Tin the equation of first Une.
‘F):(T+2’i\+3ﬂ)—(21|\+3’|\+4§)
A A A
=—i=j=k

Therefore, position vector of required paint of
A A M
Intersection = -1 - | k.

Hence, coordinates of required polint of Intersection
=(-1-1-))

Long Answer Type Questions

1. Glven lines are

3 2 5" 4 3 =2
Any point on the given lines are
P(3A+121-151+1 and Q(4k-2 3k+1 -2k-1)
Now consider 3A +1= 4k -2 and 2A =1=3k +1
= 3A-4k=-3 and 2A-3k=2
=5 A==17 and k==12
We have to show that these lines do not intersect. It
means we have to show that values of A and k does
not satisfy the third equation.
Conslder BA+1=-2k-1
PutA==17wandk = =12

5(~17)+ 1= =2(-12) -1

= -B5+1=24-1

= -B4 =23 which Is not true.

Hence, It shows that given lines do nat intersect each
other. Hence proved.

b e e e e e e e e e e e e e e e —— e — — — —
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2. Let P(2 -1, 5)be the given paint and AB be the give
line x=1 y+2 z4+8
1 =4 N

P(2, =1 5)
A

Qx vy 2

|
|
|
|
|
|
|
|
|
|
such that M is the mid point o ;
I h that M is the mid point of PQ.
Now, any point an the given line Is
| MO0 +11 =41 -2, =TIk -B) ()
Then Dr's of MP are
I (10A+11-2, —41-2+1 -1IA-B-5)
| Le. (101 +9, —4r-1 -1IA-13)
I Since MP Is perpendicular to AB.
% 0,0, +byb; +¢,c;, =0
= 10(10x+9)-4(-41-1)-1(-1x-13)=0
I =% 100%+90+161+ 4 +1211+143 =0
I = 2374 +237=0 = A=-]
Put A =-linegq. (1)
: . The coordinate of M(-10+11, 4 -2, 11-8)
le. M(1, 2, 3)
I Since, M Is the mid point of PQ.
|
|
|
|
|
|
|
|
|
|
|
|
|
|

a2 3)=(2+x. -1+yl 5+z)

2 2 2
2+ x =1+y 54z
1= | 2= =
- 2 2 2
= x=ly=52z=l

Hence required image of P Is Q(0. 5. 1).

3. Glven equatlon of line Is _x_-2+_2_ = .V];] - 5_

A(1,-12)

B D TN
Draw AD perpendicular to BC

Since, points Band C lles on given Line. Therefore Dr's
of Une segmentBCis<2 1, 4 >

Now, any point on the line is D(2A -2, A +1 4A)
Now, Dr's of AD are (2A-2 -1 A+1+1 41 -2)
le.(2A-3 A+2, 41-2)

Get More Learning Materials Here : &

Draw PM perpendicular to AB and produce PM to Q

TR!CK

If two lines are perpendicular then
a,a0; +byby +cycy =0

Since AD LBC
L (2A=32+ (A + 20+ (41 =-2)4 =0

=5 4h-6+A+2+160-8B=0

= =12l = 1:.‘71

-. The coordinates of D are (in_}—z i+1 4x%)

7
. (L)
il

2 2
Now distance AD = J 1+= —1—.];.] 34 [ _EJ

J (Y

—-169+324+ 4 __,]497

'n..i

- Area of trlangle, ABC = % xBC xAD = -2~ x5 xAD

[-BC = 5 units])
= 21 x5 x —-\,‘497- 3 ]197 Sq. units

4, Any line through (1,1, 1) can be written as
x=1 y=-1 z-1
L ()

a b (3

TiP:
The equation of a line passing through a point

(X1,¥1,2,) and having dr's ab and c is
s B ) i B, )

a b c

where o, b and c are the direction ratios of lne (1).

Now, the line (1) Is perpendicular to the lines
x+2 y=-3 z+]

1 2 4

X - -2 zZ-
d Lol ) S WO
el 7 3 &

The direction ratlos of the above lines are <12, 4 >
=<a0ybyc >and<2.3 4 >=<a;,b,.c; >respectively,
which are perpendicular to the eq. (1).

~TR!CK \
Two lines =2t « L2 22721 gy
s by G
X=X - -z
. 2. are said to be
92 b, &2
| perpendicular, ifaya; +byb, +ccy =0.
0+2b+4c=0 2]
and 20+3b+4c =0 «(3)
By cross multiplcation, we get
a c

=12 Bew 3-4
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G- TiP:

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

a b c

= —_———=a—=j(sa
= (say)

=5 a=-45,
b=4x and C==A

The equation of required line in carteslan form Is

—-4x 4 -X
x—]_E_z—]
I R R

The vector equation of a line passing through a paint
_*
with position vecror a and parallel to a given vector

- o =
b.«sr-.a+lb

and in vector form is
Fr)=(’i\+)i\+}k\)+l(—4'i\+4’i\—§)
Let the angle between glven lines be &

S Angle between the lines 2L = Y™V _Z ~4

01 by C
X =X - Z=-
and 2 ___y Y2 -
a; b, €

s given by

a,a, +b,b, +¢c,

cosf=
o +bf +c? \Ja? +b? +c3

() (2) + (2) (3) + (4) (4)
N2 +(2)7 +(4)? (2)2 + (3)7 + (4)?

2+6+16

T\ N+4+16J4+9+16

24

=7'2772_97_

cosf =

Most often students get wrong with the conditions for
perpendicularity.

COMMON ]

5. The equations of motion of a rocket are:
x=2t, y=-4t. z=4t
Elminating ‘' between the equatlons, we obtaln the
equation of the path
L Vo® o x-0_ y-0_z-0
2 -4 4 2 -4 4
which are the equations of the Une passing through
the origin having direction ratlos <2, -4, 4 ».
This line Is the path of the racket.
Att=10

x=2x10=20, y=-4x10=-40, z=4 x10 =40

- When t =10 seconds. the rocket will be at the point
(20.-40,40).

Hence. the required distance from the origin at
10 seconds = /(20 -0)? + (~40 -0)? + (40-0)?
=+/400+1600+1600 = 43600 =60 km
Also, given equation of line,

r=201-10] +40k+p (101 -20]+10K)=a,+p b

anda, =201 -407 + 40k
. The distance of the point (20, -40,40) from the

glven line = w
bl
_1(207-407 +40k-207 +107 - 40k) xb|
bl
_1-307 x(10i -20] +10K)|
noi-207 +10k|
1-300(j x1)+0-300(] xk)l
) J(10)? +(-20)* + (10)?
_1-300(-k)-300(i)| 1300k -3001 |
100 + 400+ 100 V600
C]x]=0=]xi=-k [xk=1)
_300 () ()2 BUDDDJ_ _/508
=1U~f§km.

6. Glven equation of lines,
r=61+2]+2k+r(i-27+2k)=a +2b,
PR~ e

and r=-41-k+p(31-2)-2k)=a,+1b,

i (say) ...(2)
Here, by=b,
Sa, the given lines are non-parallel Unes le., skew
lnes. There Is a unique lUne-segment AB (A lying on
one line and B on the other line), which Is at right

angles to both the lines. AB s the shortest distance
between the lines.

Thus, the shartest possible distance between the
insects = AB

The position vectar aof A lying on the Une (1) Is

6+ ))? +(2 —2:\)? +(2 +27L)/I2 for some A

The position vector of Blying on the Lline (2) Is

(-4 +3n )T + (—Zp)T +(=1-2p )IQ for some p.

Now, AénOé—DA
(-4 431 -6-2)1 +(~2n-2+420)]

#(=1-2p =2 -20)k
w (=104 30<%) T (<2=2u4 20|
{32 -20)k

b e e e e e e e e e e e e e e e —— e — — — —
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Since. AB Is perpendicular to both the lines
(104 Fp=a )42 ~ 2 e Za)(2)
+(-3-2p -22)(2)=0
= =10+3p-2+44+4p-4)-6-4p-40=0
= 3u-9%-12=0
= p-3In=4 -(3)
and (<10+3p =2)(3)+ (-2 -2p +21)(-2)
+(-3-2p-22)(-2)=0
= -304+9 -3+ 4+ 4p -4 +6+4p +42=0
= 17p -32=20 ..(4)
On solving egs. (3) and (4). we get
17 (4+3x)-31=20
= 6B+50-31 =20
= 48 h=-48 = A=-1
put the value of % in eq. (3), we get
p=-3(-=4 = p=1
The position vector of the polnts, at which they

should be reach so that the distance between them Is
the shortest, are

OA=(6-1)1+(2+2)]+(@2-2)k=51+4] and
—-» I ) M " A N
0B=(-4+3)1 +(=2) | +(-1-2)k=-1-2] -3k
! P:lt:]=(—1D+3+1)?+(——2—2—»2)T+(—3—2+2)I2
=-61-6]-3k
Hence, the shortest distance =| ﬁiE!l:l-E i-6 T -3k I

=(-6)% +(-6)? +(-3)* = 36 +36+9 = /AT =0.

. Glven vector equation s P(1, 6, 3)
written In Carteslan form as /
L
1 2 3 A< > B
Let P(16 3) be the given M

pointand ABbe the glven line.
Draw PM perpendicular to AB
and produce PMto Qsuch that Q. 2)
M Is the mid polnt of PO.

Now any point on the glven line Is M(A, 2A+1 3x +2)

)

Then Dr's of MP are (A =1 2X+1-6, 3A + 2 -3)
le,(A=121-5 3x-1)

Since, MP is perpendicular to AB.

] 0,a; +byb; +¢yc; =0

= 1(A-1)+2(21-5)+3(Er-1)=0

= A-1+4A1-10+92-3=0

=% 4r-14=0 = A=]

So. coordinates of Mare (1, 2(1)+1, 3(1)+2)
le. M(1. 3 5)

Since, M Is the mid point of PQ.

L3 E‘)=(1+x G+V. 3+z)

2 2 2
1+ X 6+y 3+z
l= /3= -
- 5) 7 2
= xmly=0,z=7

Hence image of P(1, 6, 3) with respect to the given
lnelisQ(1. 0. 7)

When we draw a perpendicular line from Q to the
Y-axis, then the coordinate of Y-axis Is (0, 0, 0).

Now, the distance from Q to the Y-axis

=J(1—U)2+02+(7—D)2 =1+49 =50 =52

. Given equation of lines are

F)=1(?—T+ﬁ)=a,+xﬁ; (say) (1)
P ?—T+ u(-2 T+Q)=az + ll;;; (say) .(2)
Here I:_); # b_;

Sao, the given lnes are non-parallel lines Le., skew
lines. There Is a unique line segment AB (where A lies
on first line and Blies on second line), which Is at right
angles to both the lines.
Thus the shortest possible distance between the
aeroplane flying = AB
The position vector of A lying on the line (1) is
(0+ A)T+(D—l)'}\+(0+1)ﬁ
And the position vector of B lying on the line (2)is
(1-0n) T+ (=1=2p) [+ (@4 )k
Now, AB = 0B-0A
A A A
=(1=2) 1+(=1-2p + 1) |+ (u =2)k

Since AB s perpendicular to both the lines.
(1=2)()+(-1-2 + 2)(-) + (u -2)(1) =0
and (1-A)(0) + (-1-2p + 2)(-2) + (. = A)() =0
= 1-2+1+2p-A+p-1=0
and 0+2+4p -2h+p-1=0
-32+3p+2=0 and -3r+bu+2=0

=% l:%andpmo

The position vector of the points at which they should
be reach so that the distance between them Is the
shortest, are

0A=21-27+2k and OB=i-]
3 8" 3
Hence, the points on the lines in which the distance

2% P 28
between them Is shortest, are |[= |-= |+=k | and
3~ 3~ 3
A A
(=]}
- ) <y
Now, AB = OB-0A
A A A A A A A A
sl |2 Tt P 2§ |k Bl 2
2 3 3 3

. The shortest distance =| ATBI

LR RS R
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Multiple Choice Questions

Q 1. For which value of 2, the points A (2, 3, -4),
B(1,-2 3) and C(A, 8, —11) are collinear?
a.l b.2 c.0 d3

Q 2. The equation of line passing through the point

(3, 2, 1) and parallel to line — ‘V+2 z+610
is:
3 Y2 21 o &8 _y-3 -]
3 -2 6 32 1
X=4 _y+1_2+10 4 Noneof these
3 P 1

Assertion and Reason Type Questions

Directions (Q. Nos. 3-4): In the following questions, each
question contains Assertion (A) and Reason (R). Each guestion
has 4 choices (a), (b), (c) and (d) out of which only one is
carrect. The choices are:
a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation for
Assertion (A)
b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertion (A)
c. Assertion (A) Is true but Reason (R) Is false
d. Assertion (A) Is false and Reason (R) Is true

Q 3. Assertion (A): The cartesian equation of a line

passing through origin and having direction ratios

b, i5£=1=i
@b.e) a b ¢

Reason (R): The cartesian equation of a line
passing through a point (x,,y,,z,) and having
direction ratiosa,b andcis:
X=Xy Y=Yy _Z=%

a b c

Q 4. Assertion (A): If the direction ratios of two lines
area,,by,cq anda,,b, ,c, then the angle 0
between them is

aa; +byb; +¢4c
cos0 = 19102 +b1by +616, |

Jaf +b1 +cy \jaz +b2 —H:z2

Reason (R): The value of k, so that the lines
2-x 5y-10 z-3 3-3x y-6 9-z
] = d = =
2 % 4 "™ T s s

intersect at right angle, is 12.
Case Study Based Questions

Q 6. Case Study 1

Consider the following diagram, where the
forces in the cable are given.

r-- - - r - rr V& — /"

g:% Chapter Test

Based on the above information, solve the following
questions:

(i) Find the equation of line along the cable AD.
(ii) Find the length of the cable DC.
(iii) Find the sum of vectors along the cables.
Or

Find the sum of distances of points A,Band C
from the origin i.e., OA + OB + OC.

Q 6. Case Study 2
The equation of motion of a rocket are: x =21,
y =—4t, z=41, where the time /' is given in
seconds and the distance measured is in
kilometres.

Based on the above information, solve the
Jollowing questions:

(i) What is the path of the rocket?

(ii) If another rocket passes through the point
(1,-1, 1) and parallel to the previous rocket,
then find the equation of the path of another
rocket.

(i) At what distance will the rocket be from the
starting point (0, 0, 0) in 20 sec?

Or
At what distance will the rocket be from the
following line in 20 seconds?

¥ =407 -20] + 80k + 1(201 -40] +20k)

@ www.studentbro.in
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Very Short Answer Type Questions

Q7. Find the equation of a line passing through
the point (1,0,-1) and equally inclined to the
axes.

Q8. Find the angle between the straight lines
;nr+:l.=y-2=z+3E“_":i x-1=y+2=z-3_

2 5 4 1 2 -3

Short Answer Type-| Questions

Q9. A line passes through the point with position
vector 2?-3? +4§ and makes angles 60°, 120°
and 45° with X,Y and Z-axes, respectively. Find
the equation of the line in the cartesian form.

Q10. Find the cartesian equation of a line passing

through point (1,2,-1) and parallel to vector
37 +2] -8k

Short Answer Type-Il Questions

Q1. The points A(1, 2, 3),B(~1,-2,-1)and C(2, 3, 2)
are three vertices of a parallelogram ABCD. Find
the equation of CD.

Q12. Find the coordinates of a point on the line
Rie =y+1 =z-3 at a distance of ifrom the

3 2 2 2
point (1, 2, 3).

Long Answer Type Questions

Q13. Find the shortest distance between the lines,
whose vector equations are:
F=(i+2] +3k)+ 2 @1 +3] + 4k)
and r =Qi+4]+5K)+p (41 +6] +8K)
014. Find the foot of perpendicular from P(1,2,-3) to
. x+1 y-3 =z ;
the line = —_—= = .Also, find the image of

Pin the given line.

b e e e e e e e e e e e e e e e —— e — — — —

Get More Learning Materials Here : &

@ www.studentbro.in



